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We study polarization squeezing of a light beam initially in the coherent state using the nonlinear interaction
hamiltonian H = k
(
aˆ†2x + aˆ
2
x
)
. For the degree of polarization squeezing, we use a definition written in the final
form by the authors and also used in earlier papers. We find that the polarization squeezing can be very high and
the degree of polarization squeezing can be less than unity by a very small amount. We achieve the polarization
squeezing even for very low beam intensity under some conditions involving phase angles in the polarization
modes.
INTRODUCTION
Polarization of light was initially defined with the help of
Stokes parameters [1, 2] (S1, S2, S3). The point having co-
ordinates (S1, S2, S3) lies on a sphere of radius S0 called
Poincare sphere represented by
S
2 = S20 = S
2
1 + S
2
2 + S
2
3 . (1)
For unpolarized light |S| = 0 and for partially polarized light
S0 > |S|. Stokes parameters involve coherence functions[3]
of order (1,1) and it has been realized that these are insuf-
ficient to describe polarization completely as S = 0 does
not represent only unpolarized light.[4] These parameters are
still relevant because of the non-classicalities associated with
polarization, viz, the polarization squeezing and polarization
entanglement.[5]
Appropriate continuous variables for non-classical polar-
ization states are Stokes operators[6] which have a clear anal-
ogy with the Stokes parameters. These operators Sˆ0 and
Sˆ = Sˆ1, Sˆ2, Sˆ3 have a similarity with spin variables of atomic
systems and are given by
Sˆ0,1 = aˆ
†
xaˆx ± aˆ†yaˆy, Sˆ2 + iSˆ3 = 2aˆ†xaˆy. (2)
Simultaneous exact measurement of these variables is impos-
sible as they follow the uncertainty relations to limit their vari-
ances written as
VjVk > 〈Sˆl〉2, Vj ≡ 〈Sˆ2j 〉 − 〈Sˆj〉
2
, (3)
which can be obtained by using the commutation relations
[Sˆ0, Sˆj ] = 0, [Sˆj , Sˆk] = 2i
∑
l
ǫjkl Sˆl. (4)
ǫjkl being Levi-Civita symbol for (j, k, l = 1, 2, or
3, j 6= k 6= l 6= j) as annihilation and creation operators
follow the commutation relations [aˆj , aˆ†k] = δjk.
Similar to the concept of ordinary squeezing, polariza-
tion squeezing is defined using the commutation relations
followed by Stokes operators and uncertainty products. Polar-
ization squeezing having applications in quantum information
theory, it is desirable to devise methods for generation of
states with appreciable polarization squeezing.
In this paper, we investigate the polarization squeezing us-
ing the most general criterion for it, in the coherent light under
a squeezing operation such as degenerate parametric amplifi-
cation with a nonlinear interaction hamiltonian and report the
closed form result. The incident coherent beam shows high
polarization squeezing after nonlinear interaction and the de-
gree of polarization squeezing can be less than unity by a very
small amount for certain photon intensity and phases in two
polarization modes. It is important to note that in most cases
of realizations of polarization squeezing the beam intensity
has been very large in order to efficiently realize a quadrature
measurement. However, in this study we get a tighter bound
on beam intensity with some additional conditions.
CRITERION FOR POLARIZATION SQUEEZING
Polarization squeezing was first defined by Chirkin et al.[7]
as
Vj < Vj(coh) = Sˆ0, (5)
,i.e., Sˆj is squeezed if the variance of a Stokes operator is less
than that for an equally intense coherent state.
Heersink et al.[8] in their earlier mentioned paper, defined
polarization squeezing using the uncertainty relations given
by Eq. (3) in the form
Vj <| 〈Sˆl〉 |< Vk for j 6= k 6= l, (6)
for squeezing of component Sˆj of Stokes operator vector.
Luis and Korolkova[9] finally compared various criteria
and gave the following criterion for polarization squeezing of
a component of Sˆ along a unit vector n as
Vn <| 〈Sˆn⊥〉 |, (7)
2where Sˆn⊥ is component of Sˆ along unit vector n⊥ which is
perpendicular to n. For suitable orthogonal components Sˆn
and Sˆn⊥ , they have discussed the order of stringency of the
various criteria as
Vn < 〈Sˆn⊥〉2/〈Sˆ0〉 <| 〈Sˆn⊥〉 |< 〈Sˆ0〉. (8)
The authors finally have written the criterion for polariza-
tion squeezing in the form [10]
Vn ≡ 〈∆Sˆ2n〉 < |〈Sˆn⊥〉|max
=
√
|〈Sˆ〉|2 − 〈Sˆn〉2. (9)
arguing that there are infinite directions n⊥ for a given com-
ponent Sˆn and therefore it is needed to consider maximum
possible value of | 〈Sˆn⊥〉 |. We shall use the criterion in
Eq. (9) for polarization squeezing, which is most general and
based on the actual uncertainty relations. We define polariza-
tion squeezing factor Sn and degree of polarization squeezing
Dn as
Sn = Vn√
| 〈Sˆ〉 |2 − 〈Sˆn〉2
, Dn = 1− Sn. (10)
Non-classicalities are observed when 1 > Sn > 0 and the
degree of polarization squeezing Dn lies between 0 and 1.
HAMILTONIAN AND POLARIZATION SQUEEZING
Consider a beam of two mode coherent radiation and we
pass it through a squeezing operation like degenerate para-
metric amplification that changes x mode after the nonlinear
interaction. Hamiltonian in the interaction picture[11] for this
kind of a squeezing operation can be written as
H = k
(
aˆ†2x + aˆ
2
x
)
, (11)
where aˆx,y are annihilation operators for the two linear po-
larizations x and y. The state at time t after this nonlinear
interaction is given by
aˆx(t) = c aˆx − is aˆ†x,
aˆy(t) = aˆy. (12)
where c = cosh 2kt, s = sinh 2kt, k being a coupling
constant.
If, the incident light in the coherent state |α, β〉 with α =
A cos θ eiφx , β = A sin θ eiφy , straight forward calculations
give the expectation values and variances of Stokes operators
after the interaction time kt as
〈Sˆ1〉 = (c2 + s2)|α|2 − |β|2 − 2cs
(|α|2 sin 2φx
)
,
〈Sˆ2〉 = 2c|α||β| cos(φx − φy)− 2s|α||β| sin(φx + φy),
〈Sˆ3〉 = 2s|α||β| cos(φx + φy)− 2c|α||β| sin(φx − φy),
(13)
and
V1 = (c
2 + s2)|α|2 + 2c2s2(2|α|2 + 1)+ |β|2
−4cs(c2 + s2)|α|2 sin 2φx,
V2 = c
2
(|α|2 + |β|2)+ s2(|α|2 + |β|2 + 1)
−2cs(|α|2 sin 2φx + |β|2 sin 2φy
)
,
V3 = c
2
(|α|2 + |β|2)+ s2(|α|2 + |β|2 + 1)
−2cs(|α|2 sin 2φx + |β|2 sin 2φy
)
.
(14)
In order to study the maximum polarization squeezing,
we perform extensive numerics for the minimization of
squeezing factors obtained by plugging in the values for
all three Stokes operators Sˆ1, Sˆ2 and Sˆ3 using the criterion
mentioned in Eq. (10). This minimization was done for
fixed number of photons in both the polarization modes and
we observe that with the forms of polarization squeezing
factors obtained for set of values (φx, φy) corresponding
to maximum polarization squeezing in Sˆ1 and Sˆ3, it is
challenging to perform analytical calculations.
However, we find that S2 attains its minimum at
(
φx, φy) =(
pi
4 ,
pi
4
)
,
(
5pi
4 ,
pi
4
)
,
(
pi
4 ,
5pi
4
)
and
(
5pi
4 ,
5pi
4
)
making it analytically
feasible to find the conditions on photon intensity and time for
maximum polarization squeezing to occur, though it is diffi-
cult to show that these are the only minima. The polariza-
tion squeezing factor and degree of polarization squeezing for
Stokes operator Sˆ2 has the form
S2 = V2√
〈Sˆ1〉2 + 〈Sˆ3〉2
, D2 = 1− S2. (15)
For these set of values (φx, φy), the expression for S2 can be
written as
S2 =
(c− s)2
∣∣(α|2 + |β|2) + s2∣∣(c− s)2|α|2 − |β|2∣∣ . (16)
or
S2 = Y|X | , (17)
where X =
∣∣(c − s)2|α|2 − |β|2∣∣, Y = (c − s)2(∣∣α|2 +
|β|2) + s2. Polarization squeezing, i.e., (S2 < 1) is not likely
to occur when X > 0 as Y − |X | = (1 + e−4kt) can not
take negative values. For polarization squeezing, therefore,
we look for X < 0 and |X | = −X . Let us write
X = |α|2(e−4kt) + 1
4
(
e4kt + e−4kt − 2)− |β|2, (18)
for kt → ∞, X > 0 and the continuously varying function
X can change sign and if it passes through zero, X = 0 gives
two solutions
t01,02 =
1
4k
log
[
1 + 2|β|2 ∓ 2
√
|β|4 + |β|2 − |α|2]. (19)
3For t01,02 to be real, we require the condition |β|4 + |β|2 −
|α|2 > 0. When this condition holds a real and positive t02 is
obtained. t01 is also real as 1+2|β|2 > 2
√
|β|4 + |β|2 − |α|2,
i.e., |α|2 > |β|2 but t01 is positive only for 2|β|2 >
2
√
|β|4 + |β|2 − |α|2. Thus, we have following two cases:
Case 1 : For |α|2 > |β|2, 0 < t01 < t02 and X takes negative
values for time interval t01 < t < t02.
Case 2 : For |α|2 0 |β|2, t01 0 0 < t02 and hence X is
negative for the interval 0 < t < t02.
To find more confined region of polarization squeezing on
time axis we need to look for the time interval for which
S2 < 1 or Y < |X | = −X as clear from Eq. (17). The
boundaries of this time interval can be given by the roots of
equation Y − |X | = Y +X = 0 as at these times S2 = 1 and
this equation gives the real roots
t1,2 =
1
4k
log
[
1 + 2|β|2 ∓ 2
√
|β|4 − 4|α|2], (20)
for |β|4 > 4|α|2. It shows that 0 < t1 < t2.
It can also be seen that t01 < t1 as e−4kt1 − e−4kt01 =
−|β|2 −
√
|β|4 − 4|α|2 + 2
√
|β|4 + |β|2 − |α|2 is positive
for |α|2 = 0 and its derivative with |α|2, viz., 2|β|4−4|α|2 −
1√
|β|4+|β|2−|α|2
> 0. We can similarly show that t2 < t02
and thus we have t01 < t1 < t2 < t02.
Therefore, for |α|2 > |β|2, t01 > 0 in the interval t01 <
t1 < t02 in which polarization squeezing occurs in the interval
t1 < t < t2. For |α|2 0 |β|2, however, t01 0 0 and hence
X < 0 in the interval 0 < t < t02 in which polarization
squeezing occurs in the interval t1 < t < t2. This becomes
clear if we write
Y − |X | = 1
2
e−4kt(e4kt − e−4kt1)(e4kt − e−4kt2). (21)
If x = e4kt − 1 and x1,2 are the values of x for t1 and t2,
respectively, the expression for polarization squeezing factor
can be written as
S2 =
(
4|α|2 + |β|2)+ x2
(x− x1)(x − x2) . (22)
Minimization of this expression with respect to x by deriva-
tive method for a positive root of equation d(S2)
dx
= 0 gives the
minimum value of polarization squeezing factor correspond-
ing to maximum polarization squeezing as
S2min =
√
1 + |α|2 + |β|2 − 1
1 + |β|2 −
√
1 + |α|2 + |β|2 , (23)
at time
t = t2min =
1
4k
log
[
2
√
1 + |α|2 + |β|2 − 1]. (24)
S2 is less than 1 for |β|4 > 4|α|2. We thus note that for
polarization squeezing to occur one shall have two conditions
|β|4 > 4|α|2 and |β|4 > |α|2 − |β|2. The condition |β|4 >
4|α|2 is a stronger condition and the other one is certainly
followed if this is followed.
SPECIAL CASE OF EQUALLY INTENSE MODES
As a special case of the above, when |α|2 = |β|2 , i.e.,
equal number of photons in both the polarization modes, we
have Eq. (19) and Eq. (20) reduced in the form
t01,02 = 0,
1
4k
log
[
1 + |α|2], (25)
and
t1,2 = 0,
1
4k
log
[
1 + |α|2 ∓ |α|
√
|α|2 − 4]. (26)
Polarization squeezing in this case is quantified by polariza-
tion squeezing factor
S2min =
√
1 + 2|α|2 − 1(
1 + |α|2)−√1 + 2|α|2 , (27)
at the time
t = t2min =
1
4k
log
[(
2
√
1 + 2|α|2)− 1]. (28)
The general condition of polarization squeezing to occur, i.e.
|β|4 > 4|α|2 reduces to the |α|2 > 4 for this case.
DISCUSSION OF RESULT
For given number of incident photons, we can have the
maximum polarization squeezing
S2min =
√
1 +N2 − 1
1 +N2 sin2 χ−√1 +N2 ,
where N = |α|2 + |β|2 and χ = tan−1( |β||α|
)
. This gives
the further minimized value of polarization squeezing factor
exhibiting the maximum polarization squeezing as
Smin = 1√
1 +N2
,
at time tmin = 14k log[2
√
1 +N − 1] and χ = pi2 , i.e., N =
|β|2 and |α|2 = 0. It is observed that in order to achieve
maximum polarization squeezing the intensity of light should
be tending to zero in the parametrically amplified mode and
maximum in the counter-mode.
We found the maximum polarization squeezing is feasible
to be analytically calculated in the Stokes parameter Sˆ2 by
minimization of polarization squeezing factor S2. It is shown
that degree of polarization squeezing is maximum for some
definite combinations of φx and φy , e.g., (φx, φy) =
(
pi
4 ,
pi
4
)
and other values. However, it is not possible to show ana-
lytically that these are the only maxima. In this particular
case, we see analytically that polarization squeezing may oc-
cur only if the denominator X in the expression for polar-
ization squeezing factor in Eq. (17) holds a negative value.
4The variation of polarization squeezing with the negativity of
the denominator X is depicted in Fig. 1 which indicates the
time range for occurence of polarization squeezing in case of
|α|2 > |β|2 as an example.
For polarization squeezing to occur the condition on pho-
ton number |β|4 > 4|α|2 automatically covers the condition
|β|4 > |α|2 − |β|2 as 4|α|2 > |α|2 − |β|2 and it reduces to
|α|2 > 4 for equal number of photons in both the polarization
modes. It should be noted that this condition on beam inten-
sity allows to achieve polarization squeezing even for a low
beam intensity.
Fig. 2 shows the degree of polarization squeezing plotted
with the interaction time kt as in Eq. (16), in all the three pos-
sible cases for photon intensities in two polarization modes.
Some examples of photon number values are studied and
the plot shows that the maximum polarization squeezing is
achieved for equal intensity of light in both the modes. This
plot also presents the pattern for occurrence of polarization
squeezing on time axis.
The contour plot for S2min from Eq. (16) in the plane
(|α|2, |β|2) in Fig. 3 clearly shows that S2min > 1 for
|β|2 > 2|α| which is consistent with the essential condition
|β|4 > 4|α|2 for polarization squeezing.
Efficient polarization squeezing shown to be a resource for
quantum communication, achieving good extent of polariza-
tion squeezing in coherent light via a nonlinear interaction is
important. This work gives an added advantage of low beam
intensity in order to observe polarization squeezing in such a
system for significant interaction times under some specific
conditions.
FIG. 1. Variation of polarization squeezing factor S2 compared to
negativity of X with interaction time kt, for |α|2 = 10, |β|2 = 8.
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FIG. 2. Variation of degree of polarization squeezing D2 with inter-
action time kt.
FIG. 3. Contour plots for differenr values of minimum polarization
squeezing factor S2min in (|α|2, |β|2) plane. S2min increases with
increasing value of |α|2 but decreases with |β|2.
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